


Solutions Math 101, Spring 2011, First In-term Test

1. (a)
lim
x→4

�
1

x − 4
− 3

x2− 5x + 4

�
= lim

x→4

�
1

x − 4
− 3

(x − 1)(x − 4)

�
= lim

x→4

(x − 1)− 3

(x − 1)(x − 4)
= lim

x→4

1

x − 1
=

1

3
.

(b) −1¶ sin x ¶ 1 for all x . Thus

− x

x2+ 1
¶

x sin x

x2+ 1
¶

x

x2+ 1
for all x ¾ 0.

Furthermore,

lim
x→∞

x

x2+ 1
= lim

x→∞
1

x (1+ 1/x2)
= 0.

So by the Squeeze Theorem,

lim
x→∞

x sin x

x2+ 1
= 0.

2. Let f (x) = 2x + sin x . Then f is continuous on [π/2,π], f (π/2) = π+ 1 < 5, and
f (π) = 2π > 5. So by the Intermediate Value Theorem, the equation f (x) = 5 has a
solution in the interval (π/2,π).

3. The function is defined everywhere except where its denominator is 0, i.e. for all
x ̸= 1,2,−2, and simplifies to

f (x) =
�

1/(x + 2) for x > 1, x ̸= 2
−1/(x + 2) for x < 1, x ̸=−2.

Thus, f is piecewise rational, and continuous everywhere except at 1, 2, and−2. Since

lim
x→1−

f (x) = lim
x→1

−1

x + 2
=−1

3
̸= lim

x→1+
f (x) = lim

x→1

1

x + 2
=

1

3
,

f has a jump discontinuity at 1. Since

lim
x→2

f (x) = lim
x→2

1

x + 2
=

1

4
,

f has a removable discontinuity at 2. Since

lim
x→−2±

f (x) = lim
x→−2±

−1

x + 2
=∓∞,

f has an infinite discontinuity at −2.



4. The obvious combination of f and a is f (x) = x100 and a =−1. This gives

lim
x→−1

x100− 1

x + 1
= f ′(a) = 100x99

���
x=a
= 100(−1)99 =−100.

5. (a) f (x) = x2+ x(x + cos2 x)3. Hence by the product rule,

f ′(x) = 2x + (x + cos2 x)3+ x
d

d x
(x + cos2 x)3.

Then by the chain rule,

f ′(x)

= 2x + (x + cos2 x)3+ x 3 (x + cos2 x)2
d

d x
(x + cos2 x)

= 2x + (x + cos2 x)3+ x 3 (x + cos2 x)2
�

1+ 2cos x
d

d x
cos x
�

= 2x + (x + cos2 x)3+ x 3 (x + cos2 x)2 [1+ 2cos x (− sin x)]
= 2x + (4x + cos2 x − 6x cos x sin x)(x + cos2 x)2

(b) g(t) =
�

t/(t2+ 4)
�1/2. Hence by the chain rule,

g ′(t) =
1

2

� t

t2+ 4

�−1/2 d

d t

� t

t2+ 4

�
.

Then by the quotient rule,

g ′(t) =
1

2

� t

t2+ 4

�−1/2
�
(t2+ 4)− t(2t)
(t2+ 4)2

�
= 1

2
(4− t2)t−1/2(t2+ 4)−3/2.

6. The slope of the curve is

d y

d x
=
(x + 1)− (x − 1)

(x + 1)2
=

2

(x + 1)2
.

The slope of the given line is 1/2. Thus, a tangent line to the curve will be parallel to
the given line when

2

(x + 1)2
=

1

2
=⇒

(x + 1)2 = 4 =⇒ x + 1=±2 =⇒ x = 1,−3.

If x = 1 then y = (1− 1)/(1+ 1) = 0.
If x =−3 then y = (−3− 1)/(−3+ 1) = (−4)/(−2) = 2.
Answer: The tangent line to the curve is parallel to the given line at the points (1,0)
and (−3,2).




